Abstract. In this paper, the completely rank nonincreasing bounded linear maps on nest algebras acting on separable Hilbert spaces are characterized, and an affirmative answer to a problem posed by Hadwin and Larson is given for the case of such nest algebras.
Introduction
Let X and Y be Banach spaces over F (F = R or C, the real or complex field). Let 
B(X, Y ) (B(X), if X = Y ) denote the Banach space (Banach algebra) of all bounded linear operators from X into Y and F (X, Y ) (F (X) if X = Y ) the subspace (ideal) of all finite rank operators in B(X, Y ) (B(X)). For a linear subspace A ⊆ B(X), a linear map Φ : A → B(Y ) is called rank nonincreasing (resp., rank preserving) if rank(Φ(A))
≤ rank(A) (resp., rank(Φ(A)) = rank(A)) for every A in A, where the rank of an operator is the dimension of its range; Φ is called completely rank nonincreasing (resp., completely rank preserving) if for every positive integer n, Φ n : A ⊗ M n (F) → B ⊗M n (F) is rank nonincreasing (resp., rank preserving), where A ⊗ M n (F) = {(T ij ) n×n | T ij ∈ A} with a suitable norm and Φ n is defined by Φ n ((T ij ) n×n ) = (Φ(T ij )) n×n .
Rank preserving linear maps and rank nonincreasing linear maps play important roles in the study of both homomorphisms and linear preservers on operator algebras. This is because in many cases the study of these maps can be reduced to the discussion of rank preserving or rank nonincreasing linear maps (e.g., see [1] , [2] , [4] , [5] , [7] , [8] , [9] , [10] and the references therein). A characterization of rank preserving or rank nonincreasing linear maps on F (X) or B(X) was given in [7] . For nest algebra cases, some work has been devoted to rank preserving linear maps on upper triangular matrix algebras (see [1] , [9] ); for the infinite-dimensional situations, some results on nest algebras with some special kinds of nests may be found in [2] , [10] . We gave in [8] a thorough discussion of rank preserving linear maps on general nest algebras of Banach space operators. However, it seems difficult to give an applicable characterization for rank nonincreasing linear maps on nest algebras. As far as we know, there have been no such results even for the upper triangular matrix algebra case. However, in this paper, we are able to get a characterization r i=1 A i (·)B i } is called the length of Φ. Note that each elementary operator Φ of length k is k-rank nonincreasing, i.e., rank(Φ(T )) ≤ k(rank(T )) for all T ∈ A. In [5] , the completely rank nonincreasing linear maps and completely k-rank nonincreasing linear maps on B(H), where H is a Hilbert space, were introduced and discussed, and furthermore, a characterization of elementary operators on B(H) was given, which states that a linear map on B(H) is an elementary operator of length at most k if and only if it is σ-weakly continuous, completely bounded and completely k-rank nonincreasing. For the case of general Banach spaces, a stronger result was obtained in [4] , which states that a linear map from B(X) into itself is an elementary operator of length at most k if and only if it is σ-weakly continuous and completely k-rank nonincreasing, while Problem H asks whether every bounded and completely rank nonincreasing linear map acting on a subspace of B(X) is a strong limit of a net of elementary operators of length 1.
From now on, H and K will denote two separable Hilbert spaces over F with inner product denoted by ·, · . A nest on H is a chain N of closed (under norm topology) linear subspaces of H containing {0} and H, which is closed under the formation of arbitrary closed linear span (written by ) and intersection (written by ). AlgN stands for the associated nest algebra, which is the set of all operators 
Main result and its proof
In this section we state the main result and give its proof. Proof. Only (1) ⇒ (2) needs to be checked, and the proof will be divided into several steps. Assume (1) holds. Then Φ 2 is rank-1 nonincreasing.
Main
For
Step 1. We first show that, for any
is of rank one and hence
Since H is separable, there exists a closed subset Γ of the interval [0, 1] with 0, 1 ∈ Γ such that Γ has the same order type as N . In the sequel, we index N by Γ, i.e., write N = {N γ | γ ∈ Γ}.
Step 2. Let β 10 = 0,
Thus we may take a decreasing sequence {γ n } ⊂ ∆ 11 such that lim n→∞ γ n = β 11 . Then, a similar argument just as in step 2 will lead to a contradiction.
Step 4. There exist operator sequences {A
⊥ . To prove this assertion, we have to consider, respectively, the following four cases:
We only check the assertion in step 4 for case 1
• here. The other cases can be treated similarly. Assume that case 1
• occurs. We first claim that there exists an increasing sequence {δ n } ⊂ Γ converging to β 11 , a decreasing sequence {γ n } ⊂ Γ converging to α 11 and vectors x n ∈ N γn N α11 , f n ∈ N β11 N δn such that Φ(x n ⊗ f n ) = y n ⊗ g n (f n ) = 0 for every n ∈ N (we may require that γ n < δ m for any n, m ∈ N). If the claim is not true, then there exist γ 0 , δ 0 in Γ satisfying
Now let us show that β 11 ∈ ∆ 11 . Assume, on the contrary, that β 11 / ∈ ∆ 11 . Then there exist x 0 ∈ N β 11 N α11 and f 0 ∈ N β11 N β 11 such that Φ(x 0 ⊗ f 0 ) = 0. We will, respectively, deduce a contradiction in both cases (N β 11
, we may require x 0 ∈ N γ N α11 for some γ with α 11 < γ < β 11 . In fact, there exists an increasing sequence
. So we may take γ = θ k < β 11 . By the definition of β 11 , for γ < β 11 , there exist
is of rank one. However, Φ(
as above leads to a contradiction. For the latter, the definition of β 11 implies that there exist
Since f 1 ∈ (N β 11 ) ⊥ − and γ 0 < β 11 , we still have
From the facts that Φ(x 1 ⊗ f 0 ) = 0 and Φ 2 is rank-1 nonincreasing, we get a contradiction again by considering the operator matrix
However, this implies β 11 ≤ β 11 < β 11 , which is impossible. Hence the claim is true. Now assume that {δ n }, {γ n }, {x n } and {f n } just as in the preceding paragraph have been taken. For every 
are linearly independent. Say n j > n i , thus δ ni < δ nj and γ ni > γ nj , which imply that
is of rank one, too. So there must be
is of rank one, too. It follows that
, that is, the claim holds. Similarly, for every n ∈ N, one gets a linear transformation y n :
Now, define w :
. Then w and g are linear. For any x, f ∈ N β11 N α11 so that x ⊗ f ∈Alg F N , there exists γ ∈ Γ such that x ∈ N γ N α11 and f ∈ N β11 (N γ ) − . We may require that γ = min{δ | x ∈ N δ N α11 }. Since the sequence {δ n } increasingly converges to β 11 and {γ n } decreasingly converges to α 11 , there exists n ∈ N satisfying γ n < γ < δ n . Obviously
is of rank one and, consequently,
is of rank one. So y(x) and y n (x) are linearly dependent. Assume that both y(x) and y n (x) are nonzero. Then we may suppose that y(x) = y n (x) = w(x) and g x (f ) = g n (f ) = g(f ). If y(x) = 0, we must have y n (x) = 0 since g n (f n ) = 0, and we may still take g x (f ) = g n (f ); if y n (x) = 0 but y(x) = 0, then there must be 
For each n, define respectively A (n) 11 and C Alg F N with x, f ∈ N β11 N β10 , finishing the proof of step 4.
Step 5 
⊥ . Continuing in this way whenever it is possible, we get sequences
Step 6. If β 1m = 1 for some m, we stop; if β 1m < 1 but α 1(m+1) = 1, we stop, and let A (n) 
⊥ . Continue the above process. Since H is separable, at last we get sequences 
Step 7. As the last step, we claim that there exist bounded operator nets
For λ ∈ Λ, let n λ = #λ (the number of members in λ), t λ = max
Define A λ and C λ , respectively, as follows:
by considering four cases. To do this, fix x ⊗ f ∈ AlgN . Case 1
• . There exists (i 0 , k 0 ) ∈ Ω such that x, f ∈ H i0k0 . In this case we have
and n λ0 = n 0 . Then for any λ > λ 0 , we have n λ > n λ0 = n 0 and
So, by step 6, we have Φ(x ⊗ f ) = 0. Hence we have to prove lim
x ik and f = (j,l)∈λ2
Then for any λ with λ > λ 0 , one has
Thus Φ(x ⊗ f ) = lim λ A λ x ⊗ C λ f holds for every x ⊗ f ∈ Alg F N . Let B λ = C * λ . Then Φ(x⊗f ) = lim λ A λ (x⊗f )B λ holds for every x⊗f ∈ Alg F N . Since every finite rank operator in Alg F N can be represented as a linear combination of rank one operators in Alg F N and Φ is linear, Φ(F ) = lim λ A λ F B λ holds for all F ∈Alg F N . Now it is clear that the first half of (2) is true by [7, Theorem 10] , which states that a linear map ϕ from a subspace R of B(H) into B(K) is a strong limit of a net of elementary operators of length 1 if and only if ϕ| R∩F (H) has the same property. The second half of (2) is easily checked.
We remark that, from the proof of the main theorem, Φ is completely rank nonincreasing if and only if Φ 2 is rank-1 nonincreasing. It is easy to see that these conditions are also equivalent to one that Φ k+1 is rank-k nonincreasing for some positive integer k. It is also easy to get some characterizations of the bounded and completely rank preserving linear maps from AlgN into B(K) by applying the main theorem.
Recall that a linear map Φ : A ⊆ B(H) → B(K) is said to be completely k-rank nonincreasing if, for each positive integer n, Φ n is k-rank nonincreasing. Motivated by the main theorem and the results concerning the characterization of elementary operators in [4] and [5] , the following conjecture seems reasonable.
Conjecture. Let Φ : Alg N → B(K) be a bounded linear map. Then Φ is completely k-rank nonincreasing if and only if it is a strong limit of a net of elementary operators of length not greater than k.

